Topological phases, such as Chern insulators, are defined in terms of additive indices that are stable against the addition of trivial degrees of freedom. Also, such topology presents an obstruction to representing bands in terms of symmetric, exponentially localized Wannier functions. Here, we address the converse question: Do obstructions to Wannier representations imply stable band topology? We answer this in the negative, pointing out that some bands can also display a distinct type of "fragile topology." Bands with fragile topology admit a Wannier representation if and only if additional trivial degrees of freedom are supplied. We apply this notion to solve a puzzle in diagnosing band topology: A recent work [Nature 547, 298-305 (2017)] made the intriguing suggestion that whenever a so-called "elementary band representation" splits, the two sets of bands, separated by a band gap, are individually topological. Here, we construct a counterexample, defined on the honeycomb lattice, which features a split elementary band. We show that one of the two disconnected bands is completely trivial with exponentially localized, symmetric Wannier functions. This presents a conundrum regarding the nature of the second band, which is resolved by recognizing that it is topological, but in the fragile sense. Our model thus provides a physical example of fragile topology.
I. INTRODUCTION
In recent years, there has been rapid development of our understanding of topological phases. One important area of activity has been to classify all possible, distinct gapped phases by relating them to appropriate mathematical classification schemes. For noninteracting fermions in the presence of only internal symmetries (such as time reversal symmetry), a classification of states with a bulk energy gap has been obtained using K-theory [1] . Conceptually, states with nontrivial topology are readily identified from their gapless edge states, while the trivial state has boundary that can be gapped without breaking symmetry [2] [3] [4] [5] . An important feature of such classification schemes is the notion of stability, that is, the requirement that a topological phase is robust to the addition of trivial, weakly coupled degrees of freedom. Furthermore, on very general grounds the set of topological phases forms an abelian group [6] , where group addition corresponds to the stacking of the individual systems [1, 6] . Topological invariants such as the Chern number simply add under stacking.
For crystalline systems, however, new physical complications arise. First, the presence of crystalline symmetries can protect new kinds of topological phases [7, 8] . Yet, in contrast to phases protected solely by internal symmetries, phases protected by crystalline symmetries may not possess any gapless surface states. Therefore, there are cases where, despite a clear bulk distinction between two phases, it is physically unclear which one is to be labelled trivial and which topological; rather, what is well defined is relative topology, which concerns if two systems are distinct phases separated by a bulk gap closing when symmetries are preserved throughout the deformation. This is captured by extensions of the K-theory classification scheme to the case of crystalline symmetries [9] [10] [11] [12] [13] .
A second complication arises from attempting to reconcile the notion of stable equivalence, i.e. the stability of the distinction against the addition of trivial degrees of freedom, with the band topology associated with a specific group of bands. Topological distinction that does not enjoy such stability is automatically excluded from the K-theory-based classifications. Is there a meaningful notion of band topology beyond the usual stable phases?
Here we suggest this is possible if we adopt the following definitions, inspired by focusing on the tension between the real space and momentum space description of insulators [14] [15] [16] [17] [18] . To illustrate the idea, consider a group of isolated bands B. We say they are trivial if and only if they can be represented in terms of exponentially localized Wannier functions that preserve all symmetries. For brevity, we will refer to this property as "Wannier representable," with the understanding that the Wannier functions involved are exponentially localized and respect all symmetries. When B is the valence bands of a system, its groundstate can be pictured as electrons localized to the symmetric, well-localized Wannier orbitals, and we will refer to such insulators as atomic insulators. On the other hand, a band insulator is considered topological if there is an obstruction to such a Wannier representation.
While these definitions may seem quite natural [16] [17] [18] , it is important to note that they do not follow immediately from K-theory-based classifications, which, as discussed, are concerned with relative distinction between phases. For example, K-theory classifications [9] [10] [11] [12] [13] regard certain atomic insulators (all Wannier representable) localized to symmetryinequivalent sites as being distinct phases, although all such phases are regarded as trivial in our definition. Of course, phases characterized by invariants like (say) a nontrivial Chern or a Z 2 topological insulator index will be obstructed from being Wannier representable, and hence are regarded as topological. To understand if there are phases beyond the type exemplified by the familiar stable topological phases, a key question to address is whether there are examples which are not Wannier representable, but are not characterized by any stable additive index.
We answer this question in the affirmative, by explicitly constructing a model with a topological band. However, when combined with another band in the trivial class, the two sets of bands together become Wannier representable. More concretely, we will show that there exists a pair of conduction bands C and valence bands V, where C is topological but V is trivial, such that their composition C ⊕ V becomes Wannier representable. Note that this would be impossible if C carried a familiar index like a Chern number, and hence, in contrast to conventional band topology which remains stable under the addition of trivial degrees of freedom, we will refer to the band topology in C as "fragile." Although a detailed investigation on the formal structure associated with fragile topology is left to future works, we emphasize that the notion of fragile topological insulators is, at the very least, not natural within K-theory. Our model and discussion therefore serve as a first step in clarifying the precise relationship between stable topology and Wannier representability.
Finally, we point out that understanding fragile topology is crucial for utilizing the recent proposal in Refs. 18-20 based on the theory of band representations [21] [22] [23] [24] .
II. A HONEYCOMB LATTICE MODEL
We will begin by describing our construction of a four-band model on the honeycomb lattice, which splits into conduction and valence bands, each consisting of two bands, separated by a band gap. We will later show that the valence bands of our model are trivial, whereas the conduction bands feature fragile topology.
Consider a honeycomb lattice with the origin placed at the center of a hexagon and a p z orbital localized to each of the sites. We assume the system is symmetric under time-reversal but not spin rotations, which is a natural setting in the presence of strong spin-orbit coupling. We will assume the spatial symmetries of the wallpaper group No. 17 (SG No. 183), which describes the symmetries of the 2D system placed on a symmetry-matched substrate [18, 19, 25, 26] . We denote this wallpaper group by G, and let P be its point group (6mm). We will always assume periodic boundary conditions.
Our goal is to construct a model with fragile topology. To this end, one should first rule out the presence of stable topology. In our context, such a model can be constructed as follows: Starting with the Kane-Mele model [25, 26] with inversion symmetry, which has a nontrivial Z 2 quantum spin Hall index, we add additional terms to induce a band inversion at Γ. This trivializes the Z 2 quantum spin Hall index. However, as the inversion symmetry combines with a 2D C 2 rotation into a mirror in the plane parallel to the system, one can only conclude that the system has an even mirror Chern number [7] . The last step, therefore, is to break inversion symmetry, and hence the mentioned mirror. This gives a model without any known topological invariant.
We now construct our modelĤ 0 explicitly. This is achieved by first specifying a collection of time-reversal symmetric bonds, and then symmetrizing by summing over all the grelated bonds for g ∈ G. For the bond i (= 1, 2, . . . , 5) represented by an arrow going from site x to y (Fig. 1a) , we definê
whereĉ x,α andĉ y,α respectively denote the fermion annihilation operators for a spin-α electron localized at sites x and y, and σ j 's denote the standard Pauli matrices [27] . Here,
3 ) are four dimensionless real parameters defining the electron hopping along bond i. Their numerical values are chosen to be those tabulated in Table I in Appendix A. Note that we have optimized our model, which leads to longer range hopping (up to fifth-nearest neighbors). Nonetheless, we stress that only finite-range hoppings are considered.
The honeycomb model is then defined bŷ
where |P| = 12, and t > 0 is an overall energy scale. As shown in Fig. 1b , a gap at half filling is found at all highsymmetry momenta. Considering also the interior of the Brillouin zone (BZ), one finds a band gap [28] of 0.39t. For comparison, the valence bandwidth is ∼ 2t.
Our next goal is to analyze the band topology present in H 0 . In particular, we will first establish that the valence bands are trivial.
III. TRIVIAL VALENCE BANDS
As a first check, we construct symmetric Wannier functions of the valence bands [29, 30] . No obstruction was encountered in this process (Appendix B), and the results are visualized in Fig. 1c . The weight of a Wannier function as a function of r, the distance away from its charge center (which sits at the center of a hexagon), is shown in Fig. 1d . The weight decays exponentially as r → ∞, decaying by 4 orders of magnitude in 10 lattice constants. This implies the valence bands ofĤ 0 admit symmetric, exponentially localized Wannier functions, and therefore the corresponding band insulator is trivial.
While the valence bands ofĤ 0 possess a full set of symmetric, exponentially localized Wannier functions-a property of the honeycomb model without the need for any additional degrees of freedom-a further check on the triviality of our model concerns its deformability to an explicit atomic limit. To this end, we augment the electronic degrees of freedom in the model by an additional p z orbital localized to each of the centers of the hexagons. These additional sites form a triangular lattice by themselves. As the problem is set up, initially, the wavefunctions of the valence bands ofĤ 0 have zero amplitude on these new sites. We then consider a HamiltonianĤ c which couples the two sets of lattice sites (Fig. 2a) . CombiningĤ c andĤ 0 with a tunable relative strength between the two, we consider a continuous family of Hamiltonians {Ĥ(µ) : µ ∈ [0, 1]} with the following properties: (i) All the stated symmetries are maintained for all µ; (ii) The honeycomb and triangular lattices are decoupled for µ = 0 or 1; (iii) the two lowest bands of µ = 0 are identical to those ofĤ 0 ; and (iv) the two lowest bands of µ = 1 arise solely from the triangular lattice sites.Ĥ(µ) therefore interpolates betweenĤ 0 and an explicit, strongly localized atomic limit in a symmetric manner. Next, we constructĤ c andĤ(µ) explicitly. The coupling HamiltonianĤ c is defined in the same way asĤ 0 in Eqs. (1) and (2) , except that we sum over bonds i = 6, 7, and replace the energy scale t by a µ-dependent coupling constant c(µ) = t cos [(1 − 2µ)π/2]. Note that c(0) = c(1) = 0. In addition, we add an additional chemical potential offset (measured with respect to the Fermi energy ofĤ 0 ) between the honeycomb and triangular lattices, captured byĤ (µ) = 3(1 − 2µ)tN , whereN is the total electron number operator for all sites in the triangular lattice.Ĥ (µ) is designed such that the lowest two bands will be of the honeycomb (triangular) character when µ = 0 (µ = 1). The interpolating Hamiltonian is then defined asĤ(µ) ≡Ĥ 0 +Ĥ c(µ) +Ĥ (µ).
The band gap ofĤ(µ) at filling 2 is shown in Fig. 2b . The gap never vanishes, and attains a minimum in the purely honeycomb limit (µ = 0). This corresponds to a symmetric, adiabatic deformation between the groundstate ofĤ 0 and an explicit atomic insulator. We further visualize the Wannier functions as a function of µ in Fig. 2c , showing their expected smooth evolution.
IV. NONTRIVIAL CONDUCTION BANDS
Thus far we have shown that the valence bands ofĤ 0 are completely trivial. Since the conduction bands ofĤ 0 combine with the valence bands to form an atomic insulator (namely, the p z orbitals localized to the honeycomb sites), the trivi- ality of the valence bands rules out any stable topology in the conduction bands. This leaves behind two options for the conduction bands: they are either also trivial, i.e., Wannier representable, or possess fragile topology.
In fact, based solely on the symmetry representations of the conduction bands (available, e.g., on the Bilbao crystallographic server [19] ), one can see that the conduction bands cannot be Wannier representable. To understand why, suppose on the contrary that the conduction bands admit a full set of symmetric, exponentially localized Wannier functions. As only two bands are involved, in each unit cell the Wannier functions must be time-reversal-related and localized to the point-group origin (i.e. the triangular sites). The symmetry representations in momentum space should then coincide with one of the three possible atomic insulators constructed from localizing a pair of electrons to the triangular site. However, it is easy to check [19] that no such atomic insulator exists, and therefore the conduction bands cannot be trivial, i.e., they carry fragile topology.
It is conceptually revealing to connect our present observations to the discussions in Ref. 17 , which discussed how symmetry eigenvalues can inform band topology in two different ways. The first is embodied in the notion of "symmetrybased indicators of band topology," where a nontrivial indicator serves as a sufficient, though not generally necessary, condition for stable topology. For spinful electrons in SG 183 with time-reversal symmetry, it was found that the indicator is always trivial. This implies the presence or absence of the quantum spin Hall index, the only known form of stable topology in our setting, cannot be diagnosed by symmetry representations. This is consistent with the fact that, symmetrywise,Ĥ 0 is indistinguishable from the Kane-Mele model with Rashba spin-orbit coupling [25, 26] , despite the Z 2 index is trivial in the former and nontrivial in the latter.
In comparison, the second diagnosis mentioned in Ref. 17 is more subtle, and is tied to the distinction between the physical stacking and the formal addition of atomic insulators. The key difference is as follows: physical stacking corresponds to a summation with non-negative integer coefficients, whereas in a formal addition one allows also for negative coefficients, i.e., subtraction. These two operations do not generally give rise to the same set of physically realizable band structures [17] , and any set of bands which can arise only from a formal subtraction (but not a physical stacking) of atomic insulators is necessarily topological. In fact, such systems are prime candidates for fragile topology, since by definition the symmetry representations do not indicate any necessary stable topology. Such is the case in our present problem, as the conduction bands ofĤ 0 can be viewed as the formal difference between the atomic insulators arising from p z orbitals localized respectively to the honeycomb and triangular sites. We also note that some "filling-enforced quantum band insulators" discussed in Ref. 16 also sit in this class [17] , and therefore they might be early examples of fragile topology.
V. FRAGILE TOPOLOGY AND BAND REPRESENTATIONS
Having established the existence of fragile topology in the conduction bands of the concrete modelĤ 0 , we now discuss its general implications. As we have alluded to, the key difference between stable and fragile topology descends from the notion of "stable equivalence" in K-theory (Fig. 3a) , but it is instructive to provide a more precise definition. Consider an isolated set of bands, and we ask if it can be represented in terms of exponentially localized Wannier functions that respect all symmetries. If this is possible, the set of bands is trivial. However, if this fails, we can further ask: can we add to this set another set of trivial bands, derived from an atomic insulator, and then obtain localized Wannier functions? If yes, our original set only possesses fragile topology (Fig. 3b,c) . By this definition, the valence bands of our model are trivial, and the conduction bands possess fragile topology.
Next, we connect the phenomenology of fragile topology to a recent proposal [18] [19] [20] that the theory of band representations, developed by Bacry, Michel, and Zak [21] [22] [23] [24] , can lead to a general classification of topological band insulators.
(Please see Appendix D for a brief introduction to the notion of "band representations.") A key idea in this proposal is that of an "elementary band representation" (EBR) [21] [22] [23] [24] , which has the defining feature that, if it splits in momentum space into disconnected (i.e., separated by a band gap) conduction and valence bands, then the two sets of bands cannot be simultaneously trivial [18] [19] [20] .
However, such an approach dose not generally diagnose stable vs. fragile topology. We will now argue that differentiating the two is crucial for predicting topological band insulators in this approach. Suppose an EBR splits into disconnected conduction and valence bands, and we are interested in the band topology, if any, that is present in them. All the splitting patterns consistent with definitions are shown in 3d, and one sees that the splitting pattern "EBR = trivial ⊕ fragilely topological" is the only one for which the valence bands can be trivial. Therefore, the key question to address in evaluating the utility of the theory of band representations [21] [22] [23] [24] for the robust diagnosis of topological band insulators [18] [19] [20] is the following: Is the splitting pattern "EBR = trivial ⊕ fragilely topological" physically admissible? This question is answered in the affirmative by our model H 0 . In fact, as is discussed in depth in Refs. 18 and 19, the tight-binding degrees of freedom specified inĤ 0 correspond to an EBR, and thereforeĤ 0 serves as a concrete model realization of the splitting pattern "EBR = trivial ⊕ fragilely topological." Given the groundstate ofĤ 0 is an atomic insulator, we conclude that the splitting of an EBR does not generally imply nontrivial band topology in an insulator.
VI. DISCUSSION
We provided a concrete tight-binding model featuring valence and conduction bands that are respectively Wannier rep-resentable (i.e., trivial) and fragilely topological. Since the well-known topological phases correspond to stable topology, it is worth emphasizing some of the unusual features of fragile topology. Unlike stable topological indices, where the existence of topologically nontrivial conduction bands in a tightbinding model implies stable topology in the valence bands, in our model an insulator with fragile topology in the conduction bands can have trivial valence bands. That is, "trivial = trivial ⊕ fragilely topological."
While we have already provided a precise definition of fragile topology, it is helpful to shift the perspective from a more mathematical point of view to a physical one, concerned not with the topology of an isolated set of bands, but that of a band insulator: Consider placing the set of bands whose topology is to be determined at the bottom of the spectrum, and place the chemical potential above them so that they are the only filled bands. We will allow for the addition of any extra degrees of freedom above the Fermi level. This is rather physical-a bounded tight-binding model is only an approximation to any physical problem, and so it is unreasonable to forbid the addition of high-energy orbitals in the discussion. Now, we ask if we can tune some parameters and deform the system into an explicit atomic insulator, while preserving the band gap and symmetries throughout. If yes, then we conclude the valence bands, our target set, are trivial; if no, then they are topological, and we have to further discern if the topology is stable or fragile. These two cases can be differentiated by further stacking with atomic insulators, corresponding to the addition of trivial bands below the Fermi level, and then ask if the new set of valence bands is adiabatically and symmetrically deformable into an atomic limit. We conclude our target set possesses fragile topology if and only if such a deformation is possible for some choice of additional trivial bands.
We also remark that while some of the physics of fragile topology is reminiscent of that of a "Hopf Insulator" [31, 32] , which in the absence of symmetry is only topological in a two-band model and is unstable against the introduction of high-energy, empty degrees of freedom [33] . In the case of fragile topological insulators, however, no such strong restriction is placed on the dimensionality of the wavefunction, and since the Hopf insulator can be trivialized by addition of trivial bands above the Fermi level, by our preceding discussion they are not examples of fragile topology.
Our model also serves to prove that the splitting of an EBR, discussed in Refs. 18-20, does not necessarily imply a topological band insulator, and for a reliable diagnosis one must further corroborate analysis using symmetry eigenvalues [17] [18] [19] [20] [34] [35] [36] [37] [38] or, more generally, wavefunction-based topological invariants. Importantly, we have demonstrated that fragile topology is not a mere mathematical possibility, but can also arise in realistic models and maybe even in real materials. However, the range of topological signatures that a fragile topological phase can exhibit is expected to be greatly restricted by the fact that it can be trivialized by stacking with an atomic insulator. We leave the analysis of their physical signatures and general diagnosis to future works. While Eqs. (1) and (2), together with the numerical parameters in Table I , fully determine our model, for readers' convenience we present below an explicit matrix form ofĤ 0 . To achieve that, we first specify our coordinate system. Let a be the lattice constant, and let {a i } and {b i } respectively be the primitive lattice vectors and the corresponding reciprocal lattice vectors. We pick
The honeycomb sites are at r 1 = a 1 /3 + 2a 2 /3 and r 2 = 2a 1 /3 + a 2 /3 (matrix indexing of the sites proceeds in that order). We parameterize the BZ by k = (
We expand the Bloch Hamiltonian forĤ 0 as
where the first set of Pauli matrices corresponds to the site degrees of freedom, the second set is for the spin, and
h 10 = 2 5 (3 sin g 1 sin g 2 − 9 cos g 1 cos g 2 − 7(cos g 1 + cos g 2 + 1));
;
3 − 3 (3 cos(2g 1 ) − 2) + 36 cos g 2 ;
.
Note that the terms h 03 , h 13 , h 23 , h 30 , h 31 , h 32 vanish, and are therefore omitted from the above.
We also write out the coupling HamiltonianĤ c in an explicit single-particle matrix form:
Note that H c is written in a block matrix form, with the index ordering corresponding to the following basis vectors in the unit cell: r 1 , r 2 and r 3 ≡ 0. The 2 × 2 sub-matrices C 13 and C 23 are functions of (g 1 , g 2 ), given by We will use the "projection method" to construct symmetric, well-localized Wannier functions [29, 30] . The method proceeds by first specifying a collection of well-localized, symmetric wavefunctions in real space, which serves as a reasonable guess for the actual Wannier functions. These trial wavefunctions are then projected into the valence-band subspace to determine a collection of unitaries which correspond to a "smooth gauge" for forming well-localized Wannier functions. In this process, at every k we have a Hermitian matrix S k quantifying the overlap between our initial seeds and the actual valence bands. The projection procedure is well-defined and gives well-localized Wannier functions when det S k > 0 ∀k. Failure of which for all choices of symmetric, well-localized trial wavefunctions is generally believed to be a sign of a topological band structure [14, 15] . In practice, one keeps track of the stability of the procedure by monitoring the size of det S k across the BZ, which could be achieved by ensuring the ratio max k {det S k }/ min k {det S k } does not diverge [29] . In addition, using the ideas in Ref. 30 , one can verify that as long as det S k > 0 for all k, the resulting Wannier functions will inherit the symmetry properties of the trial ones.
For our problem, we will construct the symmetric Wannier functions ofĤ 0 using the smooth deformation {Ĥ(µ) : µ ∈ [0, 1]} we discussed. Of course, the existence of symmetric, exponentially localized Wannier function is independent of the method one uses to find them, so if one prefers, one can also construct the desired Wannier functions forĤ 0 without ever introducing the additional triangular sites. Our construction proceeds as follows: We start with the Wannier functions forĤ (1) , which are simply the p z orbitals localized to the triangular sites. We then use these as the trial wavefunctions to find the Wannier functions ofĤ(µ ) for some µ < 1. These new Wannier functions are then used as the trials for some µ < µ . We do this iteratively until we arrive at µ = 0, resulting in the Wannier functions for the pure honeycomb modelĤ 0 . Numerically, we simply perform this procedure for the values of µ indicated by red squares in Fig. 2b . The Wannier functions are computed using a 200×200 regular momentum mesh for the BZ. On top of that, we evaluate S k for an additional 3 × 10 4 randomly sampled momenta. As µ parameterizes a symmetric smooth deformation of the groundstate wave function, we expect the projection to proceed without obstruction at every step in the construction. This can be verified from the behavior of det S k along the projection, as tabulated in Table II. Note that no obstruction is encountered as we successively project the initial, tightly localized trial wavefunctions (using a finite number of steps) to obtain the symmetric Wannier functions of the honeycomb modelĤ 0 . This is strongly indicative that the our Wannier functions are exponentially localized. We will not attempt to prove this in an analytic manner here; rather, we simply point to the numerical evidence that the found Wannier functions decay with an envelope which is clearly exponentially decaying.
Finally, we comment that spin-orbit coupling plays a crucial role in the existence of the symmetric, exponentially localized Wannier functions. This is reflected in a nontrivial phase winding of the wavefunction, locked to the in-plane spin component, as one circles the charge center. One can readily derive the required locking patterns by, e.g., writing down wavefunctions which are compactly supported on the six vertices of a hexagon and transforming in the stipulated way. Of course, such a wavefunction does not automatically satisfy the orthogonality condition with its translation copies, and therefore cannot be immediately interpreted as the Wannier functions of some parent Hamiltonian. Nonetheless, it captures the essence of the symmetry properties required, and, if preferred, one can as well use it as a trial wavefunction for finding the Wannier functions [29, 30] Here, we provide a slightly more formal discussion on how the notion of fragile topology is inspired by the notion of stable equivalence in K-theory. To this end, we first introduce some ideas from the K-theory-based classifications of band insulators [1, [9] [10] [11] [12] [13] . Note that the following serves only as a brief introduction, and we refer the readers to the references above for a mathematically precise discussion.
Suppose there is a topological obstruction in deforming between band insulators a and b without either closing the band gap or allowing symmetry breaking in the process. In equation, we may write a ∼ b. However, it could be the case that the obstruction is resolved once we stack some additional band insulator c with both a and b, i.e., a ⊕ c ∼ b ⊕ c (Fig. 3a  in the main text) . From a physical point of view, c may be an atomic insulator corresponding to some closed-shell electrons tightly localized to the underlying atoms. Since the deformation obstruction could be resolved by mixing with degrees of freedom that are buried deep below the Fermi energy, it is natural on physical grounds to disregard such apparent distinctions. Mathematically, one say a and b are "stably equivalent," and write a ∼ s b.
The discussion above closely mirrors the key physical aspects of the notion of "fragile" vs. "stable" topology. Suppose a set of bands FT is topological in the sense that, for any trivial (i.e., atomic) band insulator t, FT ∼ t. Now we say FT has fragile topology if one can find some trivial t , t such that FT ⊕ t ∼ t (Fig. 3b in the main text) , and we say it is stably topological otherwise (Fig. 3c in the main text) .
In closing, we note that the K-theory-based classifications of band insulators [1, [9] [10] [11] [12] [13] are designed to (only) capture stable topological distinctions between band insulators, and therefore it does not automatically incorporate our present notion of triviality, which is defined with respect to Wannier representability. As an example, the number of occupied bands is a topological invariant in the K-theory sense, since there is no way to deform a set of N bands into N bands when N = N . For physics applications, however, the electron filling in a band insulator is usually irrelevant to discussions for topological band insulators, as one can typically find a full set of atomic insulators which realizes all the possible bandinsulator fillings (We note in passing that, assuming either spinful or spinless fermions, the only exceptions to this rule (in the stable sense) among the 1,651 magnetic space groups were identified in Refs. 17 and 38. These are instances where the stable band topology is manifested already in the electron filling.) Our present notion of triviality of a band insulator, which is based on the existence of an atomic description, can be introduced into the K-theory framework by identifying the atomic-insulator subgroup in the full classification [17, 38] .
